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and the vector part of this is 

V(2m<T)T + WmaZ = 27(7/3. (4) 

Now if the point ir is to be a point with regard to which we may apply the 
theorem of moments in the form (3), we must have 

2FW£ = 27(7/3 (5) 

and hence the condition to be satisfied by ir is simply 

F(2mcr)i = 0. (6) 

But, in general, 2mo- = ju2m, where y. is the vector position of the center of mass 
of the system referred to the point ir. Hence (6) becomes 

ViXT = 0. (7) 

This equation may be satisfied by any one of the conditions 

(1) /x = 0; (2) ir = 0; (3) ^r parallel to ju- 

Hence we may legitimately use the point whose vector is ir as a pivot for 
moments when 

(1) it is the center of mass; or 

(2) it has no acceleration so that its velocity is constant (the case of) rest or uni- 

form motion in a straight line; or 

(3) its acceleration is directed towards the center of mass. 

Since the acceleration of the center of mass is necessarily directed through 
its own position, condition (3) really includes (1). And thus, quite generally, 
the theorem of moments may be applied with reference to any point whose 
acceleration is either zero or directed through the center of mass. 
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MATHEMATICS IN DR. ELIOT'S FIVE-FOOT SHELF OF BOOKS. 

By W. H. BUSSEY, University of Minnesota. 

Several years ago the attention of the whole country was attracted by the 
announcement made by Dr. Charles W. Eliot that he proposed to select a group 
of books, filling a five-foot shelf, in the belief that "the faithful and considerate 
reading of these books, with such re-readings and memorizings as individual 
taste may prescribe, will give any man the essentials of a liberal education, even 
if he can devote to them but fifteen minutes a day." The selection was made by 
him in due time, and the books have since been published by P. F. Collier and 
Son in a fifty volume set called "The Harvard Classics." In the introduction 
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to the set, Dr. Eliot states his purpose as follows : " My purpose in selecting The 
Harvard Classics was to provide the literary materials from which a careful and 
persistent reader might gain a fair view of the progress of man, observing, 
recording, inventing, and imagining, from the earliest historical times to the 
close of the nineteenth century." 

The purpose of this review is not to discuss the merits of this five-foot shelf 
of books, but rather to call to the attention of the readers of the Monthly 
those parts of the set which are of special interest to mathematicians. The 
set is supposed to furnish a careful reader with the essentials of a liberal education, 
and surely no such thing is possible without some acquaintance with mathe- 
matics and the related sciences, physics and astronomy. Dr. Eliot says in the 
introduction that he "proposed to make such a selection as any intellectually 
ambitious American family might use to advantage, even if their early oppor- 
tunities of education had been scanty." 

In such a set of books one would not expect to find any technical mathe- 
matical works like Euclid's "Elements" or Newton's "Principia," but one 
would expect to find something about the great realm of thought which has been 
explored by means of mathematics. 

Volume 30, entitled "Scientific Papers," contains an interesting essay by 

Simon Newcomb on "The Extent of the Universe." It is preceded by a short 

introductory note telling something of Newcomb's life and work. The essay 

itself and the following quotation from the introductory note give some idea 

of how the mathematical sciences are represented in The Harvard Classics. 

"Newcomb's chief labors were in the department of mathematical astronomy, and were 
directed toward the explanation of the observed movements of the heavenly bodies. The diffi- 
culty and complexity of the calculations involved are beyond the conception of the layman; and 
the achievements which brought Newcomb honors from the learned of almost all civilized countries 
have to be taken on trust by the general public. He had, nevertheless, an admirable power of clear 
exposition of those parts of his subject which were capable of popularization ; and the accompany- 
ing paper is a good example of the simple treatment of a large subject." 

More information about the editor's intention concerning scientific work is 

gained from the following quotations from the introduction. 

"Nothing has been included in the series which does not possess good literary form." "It 
was hard to make up an adequate representation of the scientific thought of the nineteenth 
century, because much of the most productive scientific thought has not yet been given a literary 
form. The discoverers' original papers on chemistry, physics, geology, and biology have usually 
been presented to some scientific society, and have naturally been expressed in technical language, 
or have been filled with details indispensable from the scientific point of view but not instructive 
for the public in general." 

There is a general index of more than 300 pages in volume 50, and the writer 
of this review naturally looked to see what he could find under the index word 
mathematics. The result was disappointing, not because the word was missing 
but because many of the references were trivial. For example, the reference to 
"Franklin on mathematicians" was to the following paragraph of his "Auto- 
biography" which describes one of the members of a club organized by Franklin. 

"Thomas Godfrey, a self-taught mathematician, great in his way, and afterward inventor of 
what is now called Hadley's Quadrant. But he knew little out of his way, and was not a pleasing 
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companion; as, like most great mathematicians I have met with, he expected universal precision 
in everything said, or was forever denying or distinguishing upon trifles, to the disturbance of 
all conversation." 

Having found several references just as trivial, the writer decided that either 
the set of books did not contain much of special interest to mathematicians Or 
the maker of the index had failed to find such material. The writer then looked 
through the set carefully for that which he had in mind to find, and discovered 
the following things of interest. 

Volume 30 has already been referred to as containing an essay by Simon 
Newcomb, who was president of the American Mathematical Society for the 
two years 1897-98. Every American mathematician knows something of his 
work and ought to be interested in this paper on "The Extent of the Universe" 
(Vol. 30, pages 323-336). It contains no mathematics except some ordinary 
arithmetic and a fact or two from solid geometry. In this same volume, which 
is entitled "Scientific Papers," are the following papers of interest to mathe- 
maticians: Six lectures by Faraday on "The Forces of Matter" (Vol. 30, pages 
1-88), especially lectures 1 and 2 on gravitation; a lecture by Helmholtz on 
"The Conservation of Force" (Vol. 30, pages 180-220); and two lectures by 
Lord Kelvin on "The Wave Theory of Light" (Vol. 30, pages 263-286), and 
"The Tides" (Vol. 30, pages 287-321). 

Volume 34, entitled "French and English Philosophers," contains a number 
of interesting things. First of all there is DesCartes's well-known "Discourse 
on Method" (Vol. 34, pages 5-62) which is preceded by a short biography of 
DesCartes. Mathematicians will be especially interested in Part 1 in which are 
found various considerations touching the sciences. 

Next come Voltaire's "Lettres Philosophiques " which are also known as 
"Letters on the English" (Vol. 34, pages 65-162). They represent Voltaire's 
scientific and philosophic interests. Letter 12 is a letter on Lord Bacon. It 
begins with the following eulogy of Sir Isaac Newton. 

"Not long since the trite and frivolous question following was debated in a very polite and 
learned company, viz., who was the greatest man, Csesar, Alexander, Tamerlane, Cromwell, etc.? 
Somebody answered that Sir Isaac Newton excelled them all. The gentleman's assertion was very 
just; for if true greatness consists in having received from heaven a mighty genius, and in having 
employed it to enlighten our own mind and that of others, a man like Sir Isaac Newton, whose 
equal is hardly found in a thousand years, is a truly great man. And those politicians and con- 
querors (and all ages produce some) were generally so many illustrious wicked men. That man 
claims our respect who commands over the minds of the rest of the world by the force of truth, not 
those who enslave their fellow creatures: he who is acquainted with the universe, not they who 
deface it. Since, therefore, you desire me to give you an account of the famous personages whom 
England has given birth to, I shall begin with Lord Bacon, Mr. Locke, Sir Isaac Newton, etc. 
Afterwards the warriors and ministers of state shall come in their order." 

The next letter (No. 13) "On Mr. Locke" contains this comment on Des- 
Cartes: "Our DesCartes, born to discover the errors of antiquity, and at the 
same time to substitute his own." Voltaire is here referring to DesCartes' theory 
of vortices about which he has more to say in the next two letters, No. 14 "On 
DesCartes and Sir Isaac Newton" and No. 15 "On Attraction." The first of 
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these two contrasts the lives and rival theories of DesCartes and Newton. It 
contains considerable biography of both men. Voltaire refers to Newton as 
follows: "This famous Newton, this destroyer of the Cartesian system, died in 
March, 1727. His countrymen honoured him in his life time, and interred him 
as though he had been a king who had made his people happy." The latter half 
of the letter is a defense of DesCartes against those who, in their enthusiasm for 
Newton, were inclined to belittle him and all his work. Voltaire has this to say 
in reply to one who presumed to say that DesCartes was not a great geometrician : 

"Those who make such a declaration may justly be reproached with flying in their master's 
face. DesCartes extended the limits of geometry as far beyond the place where he found them 
as Sir Isaac did after him. The former first taught the method of expressing curves by equations. 
This geometry which, thanks to him for it, is now grown common, was so abstruse in his time, 
that not so much as one professor would undertake to explain it; and Schotten in Holland and 
Fermat in France were the only men who understood it." 

The letter " On Attraction " begins as follows : 

"The discoveries which gained Sir Isaac Newton so universal a reputation relate to the system 
of the world, to light, to geometrical infinities, and lastly to chronology, with which he used to 
amuse himself after the fatigue of his severer studies. I will now acquaint you (without prolixity 
f possible) with the few things which I have been able to comprehend of all these sublime ideas." 

This paragraph is really an introduction to three letters of which the one 
"On Attraction" is the first. Letter 16 is a popular account of "Sir Isaac New- 
ton's Optics" and Letter 17 is "On Infinities in Geometry and Sir Isaac Newton's 
Chronology." The phrase "Infinities in Geometry" refers to differential and 
integral calculus. In the letter "On Attraction" Voltaire tells the well known 
story of the falling apple starting in Newton's mind the train of thought which 
led him to his theory of gravitation. 

The following quotation from the beginning of Letter 17 tells what kind of 
impression the infinitesimal calculus made on a layman: 

"The labyrinth and abyss of infinity is also a new course Sir Isaac Newton has gone through, 
and we are obliged to him for the clue by whose assistance we are enabled to trace its various 
windings. DesCartes got the start of him also in this astonishing invention. He advanced 
with mighty steps in his geometry, and was arrived at the very borders of infinity, but went 
no farther. Dr. Wallis, about the middle of the last century, was the first to reduce a fraction 
by perpetual division to an infinite series. The Lord Brouncker employed this series to 
square the hyperbola. Mercator published a demonstration of this quadrature; about which 
time Sir Isaac Newton, being then twenty-three years of age, had invented a general method 
to perform on all geometrical curves what had just before been tried on the hyperbola. It is to 
this method of subjecting everywhere infinity to algebraical calculations that the name is given 
of differential calculations or of fluxions and integral calculation. It is the art of numbering and 
measuring exactly a thing whose existence cannot be conceived." 

Voltaire has this to say about the controversy over the invention of the 
calculus: 

"For many years the invention of this famous calculation was denied to Sir Isaac Newton. 
In Germany Mr. Leibnitz was considered as the inventor of the differences or moments, called 
fluxions, and Mr. Bernoulli claimed the integral calculus. However, Sir Isaac is now thought to 
have first made the discovery, and the other two have the glory of having once made the world 
doubt whether it was to be ascribed to him or to them." 
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The six letters of Voltaire's which have been mentioned make 35 pages of 
very interesting reading. While reading them, one should bear in mind the 
dates of the three men, DesCartes (1596-1650), Newton (1642-1727), and 
Voltaire (1694-1778). 

Volume 39, entitled "Famous Prefaces," contains the "Dedication of the 
Revolutions of the Heavenly Bodies " by Nicholaus Copernicus (1543) . The book 
which was introduced by this dedication laid the foundation of modern astronomy. 
At the time when it was written, the earth was believed by all to be the fixed 
center of the universe; and although many of the arguments used by Copernicus 
were invalid and absurd, he was the first modern to put forth the heliocentric 
theory as "a better explanation." It remained for Kepler, Galileo and Newton 
to establish the theory on firm grounds. The dedication is to Pope Paul III. 
Copernicus explains how he came to write the book and the long delay in pub- 
lishing it. This volume of The Harvard Classics also contains the preface to 
Newton's " Philosophise Naturalis Principia Mathematical' Mathematicians of 
to-day do not need to read this work of Newton's as a part of their mathematical 
education because they can get the substance of it from later works, but they will 
find it worth while to read what Newton had to say about it in his preface. 

Volume 48 is devoted entirely to the works of Pascal, but of course it is 
Pascal the philosopher rather than Pascal the mathematician. It contains 
his "Thoughts" and some of his letters and minor works. Section 1 of the 
"Thoughts" is entitled "Thoughts on mind and style." Some of these refer 
to mathematics. In fact Thought No. 1 is on "The difference between the 
mathematical and the intuitive mind." Section 6 is on "The Philosophers." 
Here is a quotation from this section, being Thought No. 340. "The arith- 
metical machine produces effects which approach nearer to thought than all the 
actions of animals. But it does nothing which would enable us to attribute will 
to it, as to the animals." Later in the volume there is a letter from Pascal to 
Queen Christina of Sweden on sending her the arithmetical machine. The 
following quotation is from Thought No. 908 of Section 14 entitled "Polemical 
Fragments." "But is it probable that probability gives assurance?" Of course 
Pascal was not thinking of the mathematical theory of probability when he 
wrote this epigram, for that branch of mathematics was only in its infancy in his 
day; but we may well ask the question with reference to some of the conclusions 
which have been drawn from the theory of probability. 

Of Pascal's minor works included in this volume, the only one of special 
interest to mathematicians is an essay "On the Geometrical Spirit." It consists 
of an introduction on page 427; Section I which is "On the method of geo- 
metrical, that is, of methodical and perfect demonstrations" on pages 428-444; 
and Section II on "The Art of Persuasion," which the editor has, for some reason, 
printed as a separate work on pages 406-417. In addition to what the title would 
lead one to expect, this work "On the Geometrical Spirit" contains a long argu- 
ment against those who believed in "indivisibles." At the end of his argument 
Pascal says that "those who will not be satisfied with these reasons, and will 
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persist in the belief that space is not divisible ad infinitum, can make no preten- 
sions to geometrical demonstrations, and although they may be enlightened in 
other things, they will be very little in this; for one can easily be a very capable 
man and a bad geometrician." In the course of his argument, Pascal has some 
interesting things to say about the relations of unity and zero to the number 
system. Near the beginning of Section I, Pascal has considerable to say about 
definitions and the necessity of leaving some things in geometry undefined. He 
has this to say of those who insist on defining everything: 

"For there is nothing more feeble than the discourse of those who wish to define these primi- 
tive words (space, time, motion, number, equality). What necessity is there, for example, of 
explaining what is understood by the word manl Do we not know well enough what the thing is 
that we wish to designate by the term? And what advantage did Plato think to procure us by 
saying that he was a two-legged animal without feathers? As though the idea that I have of 
him naturally, and which I cannot express, were not clearer and surer than that which he gives 
me by his useless and even ridiculous explanation; since a man does not lose humanity by losing 
the two legs, nor does a capon acquire it by losing his feathers." 

Volume 48 closes with Pascal's "Preface to the Treatise on Vacuum" and a 
very short "New Fragment of the Treatise on Vacuum." These have reference 
to Pascal's experimental work on atmospheric pressure. He repeated the 
experiments of Torricelli by which the pressure of the atmosphere could be 
estimated as a weight; and by what has been called "The Great Experiment of 
the Puy-de-D6me" he confirmed Torricelli's theory of the cause of barometrical 
variations. In this experiment Pascal obtained at the same instant readings of 
the height of a column of mercury in a barometer tube at different altitudes. 

The parts of The Harvard Classics which have been mentioned as repre- 
senting the mathematical sciences are all contained in the four volumes 30, 34 
39, 48. The number of pages in these parts is more than 250. The authors 
represented are Newcomb, Faraday, Kelvin, Helmholtz, DesCartes, Voltaire, 
Copernicus, Newton, and Pascal. The parts written by Voltaire tell at some 
length of the work of DesCartes and Newton, and contain references to Bernoulli, 
Leibnitz, Wallis, Fermat and Mercator. Thus it is seen that the mathematical 
sciences have not been altogether neglected. An interesting question for readers 
of the Monthly is this: What else relating to the mathematical sciences might 
Dr. Eliot have included in his "Five-Foot Shelf of Books"? 
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Edited by B. F. Finkel and R. P. Baker. 
PROBLEMS FOR SOLUTION. 

ALGEBRA. 

When this issue was made up, no solutions had been received for number 
406. 

436. Proposed by WALTER H. BEANE, Cumberland University, Tenn. 

The product of two numbers p and q may be obtained by dividing p by 2 successively, dis- 
carding remainders, until the quotient 1 is obtained and then multiplying q by 2 successively and 



